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! Abstract 

m ■ 

^ ' By using absolutely continuous lower bounds of the Levy measure, explicit gra- 

^^ . dient estimates are derived for the semigroup of the corresponding Levy process 

(^ I with a linear drift. A derivative formula is presented for the conditional distribu- 

lO ' tion of the process at time t under the condition that the process jumps before t. 

l/^ • Finally, by using bounded perturbations of the Levy measure, the resulting gradient 

^^ , estimates are extended to linear SDEs driven by Levy-type processes. 
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1 Introduction 

It is well-known that a Levy process can be decomposed into two independent parts, i.e. 
the diffusion part and the jump part. If the diffusion part is non-degenerate, regularity 
properties for the semigroup of the Brownian motion can be easily confirmed for the 
Levy semigroup. On the other hand, when the Levy process is pure jump, existence and 
regularities of the transition density have been derived by using conditions on the symbol 
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or the Levy measure (see [H [9l [12] and references within); see also O [TT] for heat kernel 
upper bounds for a-stable processes with drifts. As a continuation to the recent work [18], 
where the coupling property and applications are studied by using absolutely continuous 
lower bounds of the Levy measure, this note aims to derive gradient estimates of the Levy 
semigroup in the same spirit. 

Let Lf be the Levy process on M.'^ with symbol (see e.g. [1]) 

r]{u) = i{u,b)-{Qu,u)+ [ (e^<"'^>-l-i(n,^)l{|,|<i})z/(dz). 



where b G M'', Q is a non-negatively definite d x d matrix, and z/ is a Levy measure on 
W^. In references the Levy symbol is also called the characteristic exponent or the Levy 
exponent, and in e.g. [lO], —r] rather than t] is called the Levy symbol. It is well known 
that Lf is a strong Markov process on W^ generated by 



(1.1) ^f := (6, V/) + Tr(gvV) + / {/(^ + ■) - / - (V/, z)l{|.|<i}}Kci^) 

for / e Ci(R'^). 

Let Pt be the semigroup for the solution of the linear stochastic differential equation 



(1.2) dXt = AXtdt + dLt, 

where A is a. d x d matrix. According to [1], we have 



:i.3) 



Ptfix) 



/(e'^a; + y)/i,(dy). 



where fit is the probability measure on M.'^ with characteristic function 



:i.4) 



M^) 



exp 



r]{e'^ z)ds 



z e 



Let i^f,(M'^) be the set of all bounded measurable functions on M.'^. We shall estimate 
II VPt/||oo, the uniform norm of the gradient VPtf, for t > and / G <^fe(M'^). When the 
Levy measure is finite, with a positive probability the process does not jump before a 
fixed time t > 0. So, in this case, the semigroup is not strong Feller and thus, does not 
have finite uniform gradient estimate. Therefore, to derive the uniform gradient estimate, 
it is essential to assume that u is infinite. Since u is always finite outside a neighborhood 
of 0, the behavior of u around the origin will be crucial for the study. 
We will make use of the following lower bound condition of u: 



(1.5) u{dz) > \z\-''S{\z\-')l{\,\^ro}dz, 

where tq € (0, oo] is a constant and S* is a Bernstein function with S{0) = 0. Let 

Co = / {I — coszi)\z\~'^dz, 

J{\z\<e-\\M} 

Ao= / (roV|z|)-'^5((roV|^|)-2)d^, 

where zi stands for the first coordinate of z, and H^H is the operator norm of A. We have 
Co G (0, oo). Since S{r) < cr holds for some constant c e (0, oo), we have Ao < oo. In 
particular, if ro = oo then Aq = 0. We will estimate || VP4/II00 by using the upper bound 
of A and the function 

a(t) := / ^e-*^(")dr, t > 0. 
Jo Vr 

Obviously, if limr_>.oo j^ = 00 then a(t) < 00 for alH > 0. 

Theorem 1.1. Let f 1 1 . 51) hold and let Co,Ao,tt(t) be defined above, let 6 eM. be such that 
A < —91. Then there exists a constant ci G (0, 00) depending only on d and 9 such that 

(1.6) II VP,/|U < ||/||oocie^°(*"^)-''"*(«(co(t A 1)) + ^^^^^^^'""'^ 

holds for any t > and f G ^b(M'^). // moreover A = 0, then there exists ci depending 
on d such that 



AoO 1 .v..^, c:(l-e-^^o)g(ro- 



:i.7) ||VP,/||oo<||/||ooe-^"*<i^^«M) , , 



holds for any t > and f G ^b(M.'^), where Aq = ^ ^°^ ° = for ro = 00. 

Now, we consider the gradient estimate for the semigroup associated to the linear 
SDE driven by a Levy-type process. Let a{x, dy) be a signed kernel on M.'^, i.e. for each 
X G M*^, a{x, •) is a signed measure while for each measurable set A, cr(-. A) is a measurable 
function. We call a bounded if 



|(t||oo := sup |(t(x, ■)|(M'^) < 00. 



Let Lf'^ be the Levy-type process with jump measure 



q{x, dz) := u^dz — x) + a{x, dz) 

for a bounded a. In other words, there exist b E M.'^ and non-negatively definite d x d- 
matrix Q such that L^°" is generated by 

(1.8) ^+-fix) = ^fix)+ f {fiz) - fix)}aix,dz) =: ^fix) + afix) 

for / G C^{R'^), where .if is in (11. 6p . Let P^'^ be the semigroup associated to the hnear 
SDE 

dXt = AXtdt + dL+^. 

Combining Theorem 11.11 with a standard perturbation argument, we prove the following 
result on the gradient estimate of P^^'^. 

Corollary 1.2. // (|j.5|) holds for some S such that J a(t)dt < cxd, then there exists a 
constant c G (0, oo) such that 

II VP+Vlloo < c{«(co(t A 1)) + ||a|U}||/||oo, t > 0, / G ^6(M") 
holds for any bounded a. 

To illustrate our results, we consider below two typical choices of po- 

Example 1.3. (1) If ^{dz) > c\z\~'^~°'l^\z\<ro} for some c, tq > and a G (0,2), then 



II VPJIU < (77^e"''1/IU, t>oje M^') 

holds for some constant c' G (0, oo). If a E (1, 2), then there exists a constant c G (0, oo) 
such that 

IIVP+Vlloo < C|l/lloo{^^^^^ + Halloo}, t > 0, / G ^.{R") 

holds for any bounded a. 

(2) If i'{dz) > c|2;|~'^log"^~^^(l + |z|~^)l{|2|<ro} for some c,ro,e > 0, then 



|VPi/||oo < ci||/||ooexp[c2ri/^ - e+t], t > 0, / G 



'6 1 



nd\ 



holds for some constants Ci, C2 G (0, oo). 



Since for the a-stable process one has (see Corollary 12.21 (2) below for a more general 
result) 

sup ||P,/|U> ' 
I f II <i 1- 

I j l|oo J^J- 

for some constant c > 0. Thus, the upper bound in Example 11.3( 1) is sharp. 

The main idea of the proof is to compare the process with the ^-subordinate semi- 
group of the Brownian motion. To this end, we shall study in the next section the gradient 
estimate for subordinate semigroups. We will see that to compare the original semigroup 
with the subordinate semigroup, the error term is given by the conditional distribution 
of a compound Poisson process under the condition that the process jumps before time 
t. Thus, in Section 3 we will study the gradient estimate for the corresponding condi- 
tional distribution for compound Poisson processes. In this case, a derivative formula is 
presented. By combining results derived in Section 2 and Section 3, we prove Theorem 
11.11 in Section 4. Finally, the proofs of Corollaries 11.21 and Example 11.31 are addressed in 
Section 5. 



2 Gradient estimates for subordinate semigroups 

This section is a counterpart of the recent work [7] where dimension-free Harnack in- 
equality is investigated for subordinate semigroups, see e.g. [12] and references within for 
potential theory and historical remarks on subordinations of the Brownian motion. 
Let [E, p) be a Polish space. For a function / on E, define 

lv7/i^ N r \f{y)- f{x)\ 

|V/|(x) := limsup r^ — , x e E. 

Let P^ be a (sub-) Markov semigroup on j3^h{E) such that for some positive function ip on 

(0,oo), 



(2.1) |VP,Vl < ll/||oo</^(t), t > 0, f e J^.iE) 

holds. We intend to estimate the gradient of a subordinate semigroup Pf of P^ induced 
by a Bernstein function S. More precisely, for any t > let /xf be the probability measure 
on [0, oo) with Laplace transformation 

/■oo 

(2.2) / e-^>f (ds) = e-*^(^), A > 0. 

Jo 

Then the S'-subordination of P° is given by 



oo 
S I dO,.S/ 



(2.3) P,'= / P,V?(d.), t>0. 

Jo 

The following assertion follows immediately from (12 .Sp and the dominated convergence 
theorem. 

Theorem 2.1. If l\2.1\i holds with J^ (f{s)fxf{ds) < oo, then 

POO 

iVPf /I < ll/IU / ^is)fifids), f e ^.(E). 
Jo 

In particular, we have the following explicit gradient estimates by using known results 
on diffusion semigroups. 

Corollary 2.2. (1) Let E be a complete connected Riemannian manifold and P^ he the 
diffusion semigroup generated by A + Z for a vector field Z on E such that 

Ric - VZ > 
holds. Then 

\\VPff\U < ^ r^e-^^Wdr, t > 0,/ G ^,{E). 
V27T Jo Vr 

(2) Let P^ be generated by A onW^ . We have 

sup llVPf /Hoc > ^=- / ^e-*^Wdr. 
||/||oo<i v27rJo V''^ 

Proof. (1) It is well-known that the curvature condition implies (cf. [2]) 

p^' - (p^ir > t\vp,'ff. 

This implies that 

l|VP°/l|oo<^||/||oo. 

Then the proof of (1) is finished by combining this with Theorem 12. II and noting that 
* ^ ^ ' ' e "^Mr/i* (ds) 



v^ Jo v^ Jo Vr 

^/ ^/ e->f(d5)dr = ^ / r-i/V*^Mdr. 
27r Jo V '^ Jo V 27r Jo 



(2) Let P° be generated by A on W'-. We have 



^°«^) = (4^JF^X/""""''""^'^"'*- 



Take 



f{x) = l[0,oo)(xi) - l(-oo,0)(2;i)- 

We have II f ||„o = 1 and 



2\/tts 





J-oo 

1 f /"oo _ c~x\ 



2v/7rs , .,_^^ 



e .V(4s)d^_ / e-'-'/(^'^)dr L 



So, 



^ -P^f{x) = ^e-"?/(^^) < ^, s > 0, X e M''. 



dxi a/tts vtts ' 

Combining this with (12. 3 p and using the dominated convergence theorem, we arrive at 

d ' '"^ 



dXi x=0 ^T\ Jo V -5 V 2 TT io V '^ 



n 



3 A derivative formula 

Let z/(dz) > po(-2)d2; =: Vi^i^^z) for some non-negative measurable function po on M*^ such 
that 



(3.1) Ao:= / poWdzG(0,oo). 

Let (L°)t>o be the compound Poisson process with Levy measure z/q. Then L^ can be 
reahzed as 



AT* 

(3.2) l^\ = Y.^^. t>0. 



where Nt is the Poisson process with rate Aq and {^j} are i.i.d. random variables on 
W^ which are independent of (A^t)t>o and have common distribution uq/Xq. Here, we set 
Yli=i^i = by convention. Let {Ll)t>o be the Levy process which is independent of 
(L°)j>o and has Levy measure u — uq, such that 

(3.3) Lt:=Ll + L°, t>0 

is the Levy process with symbol 77. As we explained in the Introduction, to ensure the 
strong Feller property for a jump process, it is essential to restrict on the event that the 
process jumps before a fixed time. Thus, instead of Pt, it is natural for us to investigate 
the gradient estimate for P/ defined by 

Pi fix) = E[f{xni{m>i}}, f e ^b(M^), t > 0, 

where X^ solves (11.21) with initial data x. The following result provides a derivative 
formula for this operator, which can be regarded as the jump counterpart of the Bismut- 
Elworthy-Li formula for diffusion processes [3], [6]. 

Theorem 3.1. Let po be non-negative and differentiahle such that v{dz) > pQ{z)dz, 
Ao := J^dpo{z)dz e (0,00), and 

(3.4) / I sup |Vpo|(2;)}d^< cx) 

jRd '^ x:\x-z\<e ■' 

holds for some s > 0. Then for any t > and f G j3§b{M.'^), 

1 ^* 

(3.5) VP//(a;) = -E{/(Xf)l{^,>i}- 5^e^*-'Vlogpo(eO}, 

* i=i 

where Ti is the i-th jump time of {Nt)t>o and A* is the transposition of A. Consequently, 
ifA< -61 then 

llVP.Vlloo < ll/lloo^^^^^-f^^ / |Vpo|(^)d^, t>0,/G=^,(M'^). 

Proof. We shall make use of a formula for random shifts of the compound Poisson process 
derived in [TS]. Let A(dw) be the distribution of L° := (L°)j>o which is a probability 
measure on the path space 

00 
W = I ^Xil[i„oo) : i e N, Xi G M'^ \ {0}, < t,, f 00 as i f 00} 



equipped with the a-algebra induced hj {w \-> wt : t > 0}. 

Let (t, ^) be a [0,t] x R'^-valued random variable such that the joint distribution of 

g{w, s, z)A{dw)dsh'Q{dz) . 
Let Awt = Wf — Wt- and 

U{w) = ^ g{w - Awtl[t,oo),'t,Awt). 

By [m Corollary 2.3], for any bounded measurable function F on the path space of L°, 
one has 

(3.6) E(Fl{^>o})(l^°) =E{:^^i^}(L° + ei[,oo)). 

Now, let (t, ^) be independent of (Lj,L°)(>o with distribution 

— l[o,t](s)dsz/o(dz). 

We have g{w, s, z) = y-^l[o,t](s). Since r is independent of L° so that with probability one 
r(< t) is not a jump time of L°, and since ^ 7^ a.s., we have 

U{L +4l[^,oo)J = . , • 
Since Ft := Jg e^^~^^^dLl is independent of 

e^*x+ re^(*-^)dL°, 
it follows from fl3.6p that for any Zq G M*^ and e G (—1,1), 

Pi fix + ezo) = EhU + e^\x + ezo) + J e^'^'-'^dlA l|;v,>i} } 

^ ■ ^ ° 1 iVt + 1 

, ,^f f{Yt + e^'x + /,* e^(*-)d{L° + (^ + £e^-^o)l[.,oo)}.) 

On the other hand, since the joint distribution of (L°, r, ^ + eq^'^Zq) is 

9 



TTl[o,t]('5)-^ r\ — ^A(dw)dsi^o(d2;), 

Aot Po\Z) 

(13 -Gp holds for ,^' := ,^ + sq^^Zq in place of ^ with 



-^0^ j-! Poi^i 



i=l 



Consequently, for any F > 0, using FU in place of F in (13.61) one obtains 
Taking nt{w) = J2s<t 1{a«;»^o} and 



for 2; G M'', we arrive at 



F(w;) = iA J(L^ ^lwM>i}, ^eiv 






V AT, A. ^„(^^) / 



J f{^ + /o e-^(^-^d{L° + (e + ge-^-.o)l[.,oo)}.) ) ^ ^ ^ ^,_ 
Combining this with { \3.7\i . we obtain 

p.v(....)^E{/(xf)i,„.,4g ''°«;-g;--°' }. 

Therefore, for any e 7^ we have 

^'•'^ i = ^V^""^ )ii-^^^)iv^ Z. i;^^(e:^ )• 

Noting that for i < Nt one has Tj < t so that e^'^^zo is bounded, and noting that for each 
i one has 

lim ^°^^-~""^7A^~^°^^-^ = -(e^-.o, Vlogpote)) = -(.o,e^*-Vlogpote)), 

by (13 ■4p we are able to use the dominated convergence theorem to derive (13. 5 P by letting 
£ ^ in ([3SD. □ 

10 



4 Proof of Theorem 11.1 



4.1 Proof of ( ITTfl) for ^ = 

We shall first consider the case where ro = oo then pass to finite tq by using Theorem I3.1[ 

(I) For ro = oo, i.e. 
(4.1) u{dz) > \z\-'^S{\z\-^)dz. 

Then 

Viiu):= f (e^<"-^>-l-i(n,z)l{|,|<i})|z|-'^5(|;^|-2)dz 
miu) ■.= ri{u) -rii{u) 

= i(n, h) - {Qu, u)+ [ (e^<"'^> - 1 - i(n, ^)l{|.|<i}) {iy{dz) - \z\-''S{\u\^)dz} 

provide two Levy symbols. Noting that 5(1^1"^) > l||2|<|„|-i}S'(|np) and 



{e''^-'^)-l-i{u,z)l{\,\^i})\z\-''dz 

{|2|<l«h^} 

(1 - cos(n, 2;))|z|~'^d2; 

{|^l<l«l"n 

1 - cos(---,2;> )|z|^'^dz 
{|^l<i} ^ M^l /^ 

/ (1 — cos2i)|2|~'^d2; = Co G (0, oo), 

Akl<i} 



we see that 



u I— )■ ri{u) + CoS{\u\'^) 
= ri2{u) + / (e'<"'^> - 1 - i(n, z)l{|.|<i}) \zr''{S{\zr^) - S(|n|2)l||,|<|„|-,}}dz 



is also a Levy symbol. Let Pf be the semigroup of the Levy process with Levy symbol 
—coS{\ ■ p), and let Pf be the one with Levy symbol rj + coS{\ ■ p). We have 



(4.2) P, = P.'P, 



SoS 

t ■ 
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Since P^ is the coS'-subordination of the semigroup generated by A on W^, according to 
Corollary O for E = M"^ and Z = 0, 



(4.3) IIVP//IU < ll/lloo / ^=e-^o*^Mdr = ^=a(cot)||/||, 

Combining this with ( I4.2p we derive 



(4.4) ||VP,/||oo<-L"(^ot)||/||. 



Thus, the desired assertion holds if ro = oo. 

(II) For ro G (0,oo). Take 

p,{z) = {r,y\z\y'S{{r,y\z\r^). 
Then 

(4.5) u{dz) := u{dz) + po(^)d2 > \z\-'^S{\z\-^)dz. 

Let L^ be the compound Poisson process with Levy measure pQ{z)dz, and let 

P//(x)=E{l|,,<,}/(x + I°)}, 

where fi is the first jump time of L^. Let Lt be the Levy process with Levy symbol 77 
which is independent of L^. Then Lt := Lt + L^ is the Levy process with Levy symbol 

u H- ri{u) + / (cos(m, z) — l)po{z)dz. 



Therefore, 

Ptf{x):=Ef{x + Lt) 

= E{/(x + Lt)l{r,>t}} + E{/(x + Lt + I?)l{n<<}} 
= e-"«*Pi/(x) + P/Pi/(a;). 

This implies that 

(4.6) Ptf{x) = e^°\Ptf - PlPtf){x). 

12 



According to (14. 5 p and (I), (14. 4 p holds for Pj in place of P4, i.e. 

(4.7) ||VA/|U<^a(cot)||/||oo. 

On the other hand, we have 

|Vpo(^)| < l{|.|>M{rfkr'-^5(ro-^) + 2|^|-'^-3^'(|z|-^)}. 

Since S' is decreasing, S is increasing and 5'(0) = 0, from this we may find a constant c 
depending only on d such that 

/" I sup |Vpo(a;)||d2<c /" r-2{5(ro-2)+r-25'(r-V4)}dr 

= c r {^ - ^A5(r-/4)}dr < ^5(ro-) + ^^rfl^) < -S{r^^ 
Therefore, it follows from Theorem 13.11 with ^ = that 






(4-8) ._^,__2 



<^^^^^^^II/IU t>0. 



Combining this with (14. 6 p and (14. 7p we obtain the desired gradient estimate (II. 7p . 

4.2 Proof of ([re]) for ^ 7^ 

(III) We first observe that it suffices to prove (11.60 for t G (0, 1]. Assume that (II. 6p holds 
for t G (0, 1]. By the semigroup property we have 

IVPJI < |VPiAi(P(t-i)+/)| < cia(co(t A l))||/||oo, t > 

for some constant cq, Ci G (0,oo). So, the desired inequality (II. 6p holds for ^ < 0. Next, 
since A < —91 implies that \X^ — X\\ < e~^*|x — y\, we have 

\PJ{x) - PJ{y)\ ^ \EPJ{Xf_,)-EPJiXl,)\ 



\x — y\ \x — y\ 



. ^-eit-i^J \PifiXU)-Pif{XU)\ \ 

I \xt.-xu\ ]■ 
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Letting y ^ x and using the assertion for t = 1 and the dominated convergence theorem, 
we arrive at 

\VPtf{x)\ < e"^(*-i)|VPi/(Xti)| < cie-^(*"i)a(co(t A 1))||/|U, t > 1. 
That is, (11.6P holds also for t > 1 with a different constant ci. 

(IV) For ro = oo and t G (0, 1]. Let 



V,{u) = I (e'<"'^) - 1 -i(n,z)l{|,|<i})|^|-'^5(|z|-2)dz 
{cos{u, z) - l)\z\~'^S{\z\~^)dz, 
and Ti2 = Tj — Tji. By (14. ip . both r/i and 772 are Levy symbols. We have 

r/i(e^^*n) + co5(|n|2) 

( cos(z, e'^*u) - \)\z\-'^S{\z\-'^)d.z + cqS{\u\^) 

f COS /^, ^^\ - 1) |^|-^5(|^|-2|e^^*n|2)dz + c^S{\u\^) 
\ \ |e*^ m| / / 

(cos^i-l)|2r^{5(|^|-2|e^^*M|2)-5(|M|2)l^l^l<^_ii^ii}}d^ 

(ei(-.^> _ 1 _ i(^, z)\{\,\^^^)\z\-''{S(\z\-\^^'uf) - S(|«r)l{|,|<,-iiA|i}}dz. 

Since for s G [0, 1] 

5(|z|-2|e^^*ur)>5(|np)l^l„l<,Hi.||}, 
this implies that 

u t-^ ?7i(e^^*n) + coS'(|np) 

is a Levy symbol. In particular, there exists a probability measure vr^ on M'^ with lo^ 
characteristic function 



log^t(n) = / ?7(e*^*u)ds + tcoS'(|nn 
ft 



r/2(e^^*M)ds+ / {r/i(e^^*M)ds + Co^(|M'|)}ds. 
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Now, letting P^ be the semigroup for the Levy process with Levy symbol —cqS{\ ■ p), and 
letting 

Ptf{x)= f f{x + z)Mdz), 

we obtain from (11.31) . (11.41) and the definition of ivt that 

PJix)=PfPjie'\). 
Combining this with ( 14. 3p we obtain 

||VPi/||oo < ||/||oo«(Cot). 

(V) For t e (0, 1] and tq G (0, cx)). Let po, L^ and Lt be in (II). Let 

P//(x) = E|/(e*^x + ^*e(*-)^dl°j 1{,,<,}|, 

Ptf{x)=EfU''x+ f e(*-^)^dlA 

Then (14. 6 p holds. Since (14. ip holds for u in place of z/, according to (IV) and the argument 
leading to (14. 8 p using Theorem 13. H there exists a constant c G (0, oo) depending only on 
d and 6 such that 

IIVAIU < ||/||oo«(Cot), IIVP//II00 < ^^^^WfWoo. 

To 

Combining this with (14. 6 p we derive the desired gradient estimate (II. 6p . 



5 Proofs of Corollary 11.21 and Example 11.3 



Proof of Corollary \1.B, Since the gradient estimate || VP^'^'^/Hoo < c(t) ||/||oo is equivalent 
to 

|P+V(x) - Pi+V(2/)l < c{t)\\f\U\x - yl X, y G M^ 

by the monotone class theorem it suffices to prove for / G C^{M.'^). By (II. 8p . in this case 
we have 

^P,P+-/ = P,(^_^+'^)P+^/ = -P,(aP+^/), sG [0,t]. 
Consequently, 



15 



Jo 



Combining this with Theorem II. ![ we finish the proof. D 

Proof of Example \1.3i (1) follows immediately from Theorem 11.11 and Corollary 1.2 by 
taking S{r) = cr"^'^. To prove (2), we take 

5,(r)=logi+^(l + r^/(i+^)). 

According to [1^, for any Bernstein function 5* and any 5 > 1, r i— )■ S^{r^^^) is again a 
Bernstein function. In this case we have 

Then the desired gradient estimate follows immediately from Theorem 11.11 D 
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